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This part of the notes talks
about finding the slope of the
tangent line for polar curves.
You do not need to know this,
but it is added here for
completeness.
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Tangent Lines (Non-Examinable)
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Derivation

Suppose r = f(6), we want to find the slope of the tangent line at
6p. Unfortunately, it is not as simple as f'(6p).
To find, convert r = f(0) into Cartesian coordinates:

y = F(x)

We now differentiate with respect to 6:

d dx
=P
where F’(x) is the slope of the tangent line. Therefore,
dy
Fi(x(60) = &
do
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Tangent Lines (Non-Examinable)
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Derivation Continued

We know that:

dx d

%_@(rcos@ @COSQ—I’SIHG
dy d, . dr

i de(rsm@) @5|n0+rc059

ﬂsin0+ rcosf

dr .
90 cosf — rsinf

Therefore, we now have a way to find the slope of the tangent line
as a function of 6.
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Tangent Lines (Non-Examinable)
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Example

Problem 1

Find the slopes of the lines tangent to the circle r = 10

Sol.
Fio) = %sin&—krcc.)sﬁ _ 10co.50 —coth
ghcosf —rsind  —10sinf
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Tangent Lines (Non-Examinable)
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Finding Horizontal and Vertical Tangents

Problem 2

Find the points on the interval —m < 0 < m at which the cardioid
r =1 — cos@ has a vertical or horizontal tangent line.

Sol. r=1—cosf and r' =siné. So,

dr
F'(0) = 42

sinf +rcosf  sin?6 + (1 — cos ) cos 6
gg cos — rsing  sinfcosf — (1 —cosf)sinf
(2cosf + 1)(cos O — 1)
~ sinf(2cosf — 1)
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Tangent Lines (Non-Examinable)
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Cont.

Vertical tangent lines occur when sin(2cosf — 1) = 0. On the
interval (—m, 7]:
T
0e{0,—=, =
E { Y 3 Y 3 Y 7T}
Horizontal tangent lines occur when (2 cosé + 1)(cosf — 1) =0,
but the denominator is NOT zero. On the interval (—m, 7

2w 21
0 =t e

There is also a horizontal tangent line at § = 0, but since F’(0) is
in-determinant (J), that needs to be verified using L'Hépital’s Rule
to show limg_,o F'(6) =0
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Integrating Polar Curves
©0000000

%,_ el | 0srek
AX

Area of a Sector

AX A0

The area of a circular sector of radius r and width A@ is

A=1r2A0 Why?
2 y A AG
ﬁ'flf AT

A= ;,Lf“A@
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Polar Region Area Derivation

How can we find the area of the region below? &}
< f/@

Puktior /=@ < B, B <

Ao:& (JE (’.c-.J/\SIICe/ Z
{[ue) 27

e 2 D (00T e
Take  N=oo (4D 70) p
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t Lines (Non-Examinable) Integrating Polar Curves (o in Polar Coordinates
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Area Between Polar Curves Formula

Theorem 3

Let R be the regions bounded by the graphs r = f(0) and
r=g(0). between § = « and 0 = [3, where f and g are
continuous and f(6) > g(0) > 0 on [a, 5]. The area of R is:

B
A= [ 5102 - g0 a0

If g(6) = 0, then:
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Integrating Polar Curves
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Example

Problem 4

Find the area enclosed by one petal of the 4-leaved rose r = cos 20.
hrec, oF
%&d(—k leaf
=3 g [estb] 40
= SLU'“’OS%})Jé’

/4

J WJ.ES cod ({9 qu
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Integrating Polar Curves
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Example

Problem 5

Find the area of the region that lies inside the circle r = 3sin 6 and
outside the cardioid r =1 + sin 6
Find  Boonds:

Asmb = %9’*/
sinf} =
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Integrating Polar Curves
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Example

Problem 6

Find all points of intersection of the curves r = cos 20 and r =

Cos A0-= %
ag= G+ el

G = %‘ 'y

26 %{“’2”’“’

9:-1’5 + /e

* Qg €546 -1

l
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Example

Problem 7
Find the area enclosed by the circles r = /2 and r = 2sin 6.

el LT -

N 9{ rgﬁ@ 9594J Jj
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Integrating Polar Curves
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Splitting Regions Into Parts

Problem 8

Given the figure below (from the textbook), set up the integrals to
find the area of Regions A, B, C respectively.

y Radial lines enter region A "
& v d A- éj [[36059)9: (Lcos ﬁﬂo[((ﬁ‘
4 _ g
B D; Tl N
‘ ! &) do
e ﬁ:% ?U}— csh) B +Z:§6(Scos
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Arc Length Formula Derivation
k=( )b

Can we find the length of a curve expressed in polar coordinates

V\:hen 0 € [a, 5]? /_ \SQLS

wm

% % &—@mL*@j

Iy iww {; 4@) (5]
= )]gﬂ
(éx» J& & 40

—-'—-
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Arc Length in Polar Coordinates
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Arc Length Formula

Theorem 9

Let r = f(6) have a continuous derivative on the interval [c, (].
The arc length of the polar curve r = f(0) on [«, 3] is:

L:/j,/f(e)u[f/(e)P dez/j 2 (%)2 db
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Arc Length in Polar Coordinates
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Example

Problem 10

Verify the length of a circular arc from a circle of radius R > 0 is
RA6O. What is the circumference of the circle?

(—:R;ak& 4(91‘5(9&4
ABL 9&4 (951«1"

& 704 - @fm RAb
Douct
fothe 0l grcle, AB= 7, So L= 2 R
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Arc Length in Polar Coordinates

r=c9‘
4(9 |

The Archimedean Spiral

Problem 11
Find the length of the Arch/medean Spiral r = 0 from 0 to some

endpoint 0. g Jen
Aol
YAy J* ‘

o
jsccfx sec o do. R
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Arc Length in Polar Coordinates

The Cardioid r=lrwsD

Problem 12

Find the length of the cardioid r =1 + cos 6.

ngm&{?

fQjJ [+a e #! =k

R el
0
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Arc Length in Polar Coordinates
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r_'._-_'
Example agj’@

.J'
Problem 13
Find the length of the polar curve r = €2° from 0 to 2.
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Arc Length in Polar Coordinates
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Surfaces of Revolution
= Ao ;040
Problem 15

Find the surface area of the object created when the lemniscate

r? = cos 20 is revolved about the polar axis.

o Sucfe P E;M“k&/('_f-——,

Y S:SQTJUAS = Sgﬁm&d{z%%y i

2_
r cosd @ & -Qsmz@
e B = A0 — 35"
- - g{;&
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