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Tangent Lines (Non-Examinable) Integrating Polar Curves Arc Length in Polar Coordinates

This part of the notes talks
about finding the slope of the
tangent line for polar curves.
You do not need to know this,
but it is added here for
completeness.
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Derivation
Suppose r = f (θ), we want to find the slope of the tangent line at
θ0. Unfortunately, it is not as simple as f ′(θ0).
To find, convert r = f (θ) into Cartesian coordinates:

y = F (x)

We now differentiate with respect to θ:

dy
dθ

= F ′(x)dx
dθ

where F ′(x) is the slope of the tangent line. Therefore,

F ′(x(θ)) =
dy
dθ
dx
dθ

Z. Pence Purdue University
MA 16200: Plane Analytic Geometry and Calculus II
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Derivation Continued

We know that:

dx
dθ

= d
dθ

(r cos θ) = dr
dθ

cos θ − r sin θ

dy
dθ

= d
dθ

(r sin θ) = dr
dθ

sin θ + r cos θ

Putting it all together:

F ′(θ) =
dr
dθ sin θ + r cos θ
dr
dθ cos θ − r sin θ

Therefore, we now have a way to find the slope of the tangent line
as a function of θ.
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Example

Problem 1
Find the slopes of the lines tangent to the circle r = 10

Sol.
F ′(θ) =

dr
dθ sin θ + r cos θ
dr
dθ cos θ − r sin θ

= 10 cos θ

−10 sin θ
= − cot θ
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Finding Horizontal and Vertical Tangents

Problem 2
Find the points on the interval −π ≤ θ ≤ π at which the cardioid
r = 1 − cos θ has a vertical or horizontal tangent line.

Sol. r = 1 − cos θ and r ′ = sin θ. So,

F ′(θ) =
dr
dθ sin θ + r cos θ
dr
dθ cos θ − r sin θ

= sin2 θ + (1 − cos θ) cos θ

sin θ cos θ − (1 − cos θ) sin θ

= − (2 cos θ + 1)(cos θ − 1)
sin θ(2 cos θ − 1)
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Cont.

Vertical tangent lines occur when sin θ(2 cos θ − 1) = 0. On the
interval (−π, π]:

θ ∈ {0, −π

3 ,
π

3 , π}

Horizontal tangent lines occur when (2 cos θ + 1)(cos θ − 1) = 0,
but the denominator is NOT zero. On the interval (−π, π]:

θ ∈ {−2π

3 ,
2π

3 }

There is also a horizontal tangent line at θ = 0, but since F ′(0) is
in-determinant (0

0), that needs to be verified using L’Hôpital’s Rule
to show limθ→0 F ′(θ) = 0
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Area of a Sector

The area of a circular sector of radius r and width ∆θ is
A = 1

2 r2∆θ. Why?

r
∆θ
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Polar Region Area Derivation

How can we find the area of the region below?
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Area Between Polar Curves Formula

Theorem 3
Let R be the regions bounded by the graphs r = f (θ) and
r = g(θ). between θ = α and θ = β, where f and g are
continuous and f (θ) ≥ g(θ) ≥ 0 on [α, β]. The area of R is:

A =
∫ β

α

1
2[f (θ)2 − g(θ)2] dθ

If g(θ) = 0, then:

A =
∫ β

α

1
2 f (θ)2 dθ =

∫ β

α

1
2 r2 dθ
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Example

Problem 4
Find the area enclosed by one petal of the 4-leaved rose r = cos 2θ.
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Example

Problem 5
Find the area of the region that lies inside the circle r = 3 sin θ and
outside the cardioid r = 1 + sin θ
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Example

Problem 6
Find all points of intersection of the curves r = cos 2θ and r = 1

2 .
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Example

Problem 7
Find the area enclosed by the circles r =

√
2 and r = 2 sin θ.
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Splitting Regions Into Parts

Problem 8
Given the figure below (from the textbook), set up the integrals to
find the area of Regions A, B, C respectively.
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Arc Length Formula Derivation

Can we find the length of a curve expressed in polar coordinates
when θ ∈ [α, β]?
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Arc Length Formula

Theorem 9
Let r = f (θ) have a continuous derivative on the interval [α, β].
The arc length of the polar curve r = f (θ) on [α, β] is:

L =
∫ β

α

√
f (θ)2 + [f ′(θ)]2 dθ =

∫ β

α

√
r2 +

( dr
dθ

)2
dθ

Z. Pence Purdue University
MA 16200: Plane Analytic Geometry and Calculus II



Tangent Lines (Non-Examinable) Integrating Polar Curves Arc Length in Polar Coordinates

Example

Problem 10
Verify the length of a circular arc from a circle of radius R > 0 is
R∆θ. What is the circumference of the circle?
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The Archimedean Spiral

Problem 11
Find the length of the Archimedean Spiral r = θ from 0 to some
endpoint θ0.
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The Cardioid

Problem 12
Find the length of the cardioid r = 1 + cos θ.
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Example

Problem 13
Find the length of the polar curve r = e2θ from 0 to 2π.
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Example

Problem 14
Find the length of the polar curve r = θ2 from 0 to 2π.
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Surfaces of Revolution

Problem 15
Find the surface area of the object created when the lemniscate
r2 = cos 2θ is revolved about the polar axis.
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