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General Slicing Method

Definition 1

Suppose a solid object extends from x = a to x = b, and the
cross-sectional area at a point x is given by a function A(x) that
can be integrated on [a, b]. Then the volume of the solid is:

V:/abA(x) dx
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Example

Problem 2

Consider a solid whose base is the region in the first quadrant
bounded by the curve y = +/5 — x and the line x = 3, and whose
cross sections through the solid perpendicular to the x-axis are
squares.

Find an expression for the cross-sectional area A(x) at a point
x € [0,3].
Y Find the volume of the solid

= 45—.-)
o = 5-x
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Problem 3

Use the general slicing method to find the volume of the solid
whose base is the triangle with vertices (0,0),(3,0), and (0, 2),
and whose ¢ et7ons perpendicular to the base and parallel to
the y-axis
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Solids of Revolution
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Disk Method (about the x-axis)

Definition 4

Let f > 0 be continuous on [a, b]. If the region R bounded by the
graph of f, the x-axis, and the lines x = a and x = b is revolved
id of revolution is:
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Examples

Problem 5

Find the volume of the solid obtained by rotating the region
bounded by the given curves about the specified line. Sketch the

region and a typical disk. - Uo‘m (Dﬂl)
y = eX' x = 1;y = 0; about the x-axis. &
y=x L. x =1;x =2;y = 0; about the x-axis.
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Washer Method (about the x-axis)

Definition 6

Let f and g be continuous function with f(x) > g(x) > 0 on

[a, b]. Let R be the region bounded by y = f(x), y = g(x), x = a,
and x = b. When R is revolved around the x-axis, the volume of
the resulting solid of revolution is:

v=/[ W[% P o [ nlg (P o = /b ([f(x)] ~[g(P) o
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Examples

Problem 7

Find the volume of the solid obtained by rotating the region
bounded by the given curves about the specified line. Sketch the
region and a typical washer.

y =secx;y =1;x = —1;x = 1; about the x-axis.

y = x%; y? = x; about the x-axis.

V= gﬂ-scax&x fv(l)JX
vswv b=t
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Rotating about the y-axis

Definition 8

Let p and g be continuous functions with p(y) > g(y) > 0 on
[c,d]. Let R be the region bounded by x = p(y),x = q(y), and
the lines y = ¢ and y = d. When R is revolved about the y-axis,
the volume of the resulting solid of revolution is given by

v= "l — gy dy P(‘l)

If g(y) =0, the disk method results:

v =[xl v
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Examples

Problem 9

Find the volume of the solid obtained by rotating the region
bounded by the given curves about the specified line. Sketch the
region and a typical disk/washer.

x =y — y% x = 0; about the y-axis.

@‘5 2= xiy = b about the y-axs.

YR ek 'V‘Srr(v- i) doy
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Examples

Problem 10

Find the volume of the solid obtained by rotating the region
bounded by the given curves about the specified line. Sketch the
region and a typical disk/washer.

Hy=xy=+/xabouty=1.
Hy=Inx;x=0; on the/nterva/0<y<1 about x = —1.

Ouvlec ~Radivs & | — X
L gt

IW Rﬂ&ltﬁc
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Volume of a Sphere

Problem 11

Rotate v/ R% — x2 about the x-axis, by the disk
/'&2% method:
R
“r Ra V= (V' R2 — x2)? dx—27r/ (R? — x?) dx
-R
1 5% 2 4
=27 [sz — xﬂ =27 { R3] = 7R3
o 3 3
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Volume of a Cone

Problem 12

Show the volume of a cone of base radius R and height h is:

h
V= §7TR2

Rotate x = %y about the y-axis, by the disk

W method:
i h /R \? R? 711 4"
5 v= [~ () dy—”hz[sy]o

R2 h
h2
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Volume of a Wine Barrel

Problem 13

The sides of a wine barrel can be approximated by the parabola:

h h
<x<>

y CcX 5 5

where R is the maximum radius, h is the height, and ¢ > 0 a
constant. Show that the volume is:
7h

2
V== 2R2+r2—g(R—r)2

where r is the minimum radius.
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Finding the Volume

Rotate y = R — cx? about the x-axis. By the
Disk Method:

h/2 e
V= / (R — cx?)? dx = 271'/ (R — cx?)? dx
—h/2 0

h/2
/R_\ = 27r/ (R? — 2Rex? + c2x*) dx
; 0

3 5
2R 2
—2r [R2(h/2) - Tc(h/2)3 + C5(h/2)5]
Rem c2r
2 3 5
= ALy S R
TR*h 5 h® + 80
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Re » 2 2R [(ch?\ 1 [ch?\’
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