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Basic Idea
®0

Basics -l
el cose] = On | (cose) I
m [sinx=—cosx+ C
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m [cosx =sinx+ C

m [sec®x dx =tanx + C

m [cscxcotx dx = —cscx + C
m [secxtanx dx =secx + C
m [csc?x dx = —cotx + C

m [tanx =In|secx|+ C

m [cscx = —In|cscx + cotx| + C
m [secx =In|secx +tanx|+ C
m [cotx =In|sinx|+ C
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Basic Idea
oe

Basic Idea

We want to integrate functions like:
m [sin® dx
m [ sin®xcos® x dx
m [tan3 xsecx dx
m [csc® xcot? dx

KThe main idea: Use trig identities to simplify the integrand until
we can use u-substitution.
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Pythagorean Identity

Problem 1

Compute fSin x dx

Tlenbies:, Sms‘ﬁéo( Ssmrsméx
Sinly ¥ (oot = ‘# J(l*castx) Sinx dnt
| + ca—l")[ :CSCX
fan'y + | = See ""'Jsmxh + \cosx s
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Another Example

Problem 2

Compute [ cos® x dx

Scasqx cosxdx = S(C"S‘*)ZC"”‘ dx
_ S ( I- sianYCoSY M,SU_ Qs'_nzxnin“x)w&

Let U=5in%, du= Cos X "dn

3,15
S(lautru = u- 383G
= sine- Zsin®x ¢ dsin®x +C




(4
(1-CoS Zx)

Compute [ sin® x dx S(?i"‘iﬂz J’t =j (l _'_'f_o?_ig_x W

Power  Reduckn Tormvs

Slnzx: L-_-_C%Si" 2-‘5‘8(( - . cosdX ¥ cos DX

Cosx = t%s_&t = -}!'SJM - ﬂ a.slxéx@
e nde= 4 (12 et
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= (§dx v (dy
i %’X 4 3"'9\ NY[4 e + o

SSiﬁ“‘X :j ;'L'dm ’5”'5’&%2#%+ -"‘ESC()SQJK dy
- Sindx+ X +3J:-lsin‘fx + C.
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When sine has an odd power

Problem 4

Compute fSinsxcos2x d ,
\stnsx Caﬁl)tclo( ‘-"SS‘V""K Cos X SinX J,,(
\ o‘ )
inx d
< 3(5241")!)&6&5"1 siax dy :S( l-cosx ) €O X Sink &K
Cas X Sinx dx

b .
2 Jﬁw)(cos: S A c.osqx +COS X) 3_::1(5:!0(
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Sines and Cosines

[e]e]e]e] lele)

When cosine has an odd power

Problem 5

. _3
Compute [sin™2 x cos® x dx

-3 - 2
:jsan‘z cosx cosedp= [sin t (lsin) com

S ® x) cosx A Ju“C“"“"

(SIV' X = Sin

f’asf%x—js'ﬂ X ‘I'C
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When they both havqeven powers

( sin’x)
Problem 6

Compute [ sin* x cos? x dx

S(‘ a,st) (\+asz,>e).l,<

- 8 l Coodx - Cos X + O 2x)dx

- -—COSQ,L -i-'-*c‘ﬁ‘bf"' cos 2&)45&
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(ID: S—--—‘-Cosax-.ﬁ-c%’-fx) dx

j.h dx ...--5 CasQ,cLzux chs‘{x(‘f)éx
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Sines and Cosines
0000000

General Strategy

[ sin™ x cos" x dx

Strategy

m odd and positive, n real Split off sinx, rewrite the resulting
even power of sinx in terms of cosx,
then use u = cos x.

n odd and positive, m real Split off cosx, rewrite the resulting
even power of cosx in terms of sin x,
then use u = sin x.

m and n are both even, non- | Use half-angle formulas to trans-
negative integers form the integrand into a polynomial
of cos2x, then apply the preceding
strategies once again to powers of
cos 2x greater than 1.
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Reduction Formulas

Reduction Formula (for sine) Derivation

Problem 7

Recursively compute [ sin” x dx
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Reduction Formulas

Reduction Formulas

Assume n is a positive integer:

son __ sin""!xcosx n—1 s on—2
B [sin"x dx = 2 + == [sin"7% x dx
n—1 g
fcosnx dX = COS nXSInX _"_
n _ tan""1lx n—2 2
H [tan xdx—T—ftan x dx, provided n # 1
n _ sec"2xtanx n—2 n—2 :
[ sec” x dx = EE_XEX N2 [sec"™* x dx, provided n # 1

n—1 n—2
== [cos" ™ x dx
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ent and Secant

Powers of Tangent _|_0th _‘,( — S.'.C-LX

Compute [ tan3x dx

Jan A dx = fHantx Hancdx
.S ;S(Saz.x_l).,.mx CLX

e /LS\(J‘H"'Y secx - ‘I'W‘)‘)A)‘

din= Seclx VS "-7—5 "'anl




Factoring out sec® x

Problem 10

Compute ftan x sec* x dx

J-lan )(Sa— X See dx = S-Iﬁn xa-q,.x*l)sa.x
= Jany

: Sd“ £ 3 Jan'y) s€c®x dx [Touiar
= }m X+ q_‘h‘" ¥ kc

MA 16200: Plane Analytic Geometry and Calculus Il



Odd power of secxﬁ‘y

Compute [ tan® x sec’ x dx

= S.I-an“)f Sec X (sexFenx

_ w | secx -‘c.nx.] X
S (SCC X ,) e JLLE Jecx "'w\x clv

Ydx L

Jet u= N2&'

S(u ) U = | (w2l utdu
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Tangent and Secant
000@

General Strategy

Jtan™ x sec” x dx Strategy

n even, m real Split off sec® x, rewrite the resulting
even power of sec x in terms of tan x,
then use u = tan x.

m odd and positive, n real Split off sec x tan x, rewrite the result-
ing even power of tanx in terms of
sec x, then use u = sec x.

m even and positive, n odd | Rewrite the even power of tanx in
and positive terms of secx to produce a polyno-
mial of secx, then apply Reduction
Formula 4 to each term.
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Odd-Balls
[ JeJelele)

Cotangent

Similar strategies can be used when the inte E’and is powers of

cotangent and cosecant. / + Coe X = CScC X

Problem 12
Compute [ cot* x dx

S(cat %) dx j(“‘— v-1) cotx I
(,')Scdt ')(L"Csctx -Sc.o’(: * CLJ( = b
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Odd-Balls

>
Square Roots 5—‘% . = S w =

Problem 13
Compute [/1 —sinx dx

Sr..s.m . flrsime & = S"“-ﬁ'h‘ (T 7 dt

A roink A+ SinX »
m J co3%X 494 "':"
j |4’5- 4]*5: JM' s df

> a.J{ [+sing + &
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0 () l4ra Vider
Powers of Secant j\u v = u\l"jvcl"‘( Voa-éoa“

Problem 14

Compute [ sec3 x dx

¢ dx
stc)‘ Sco X dx = §ecx "“u;! j'-l-an X Secw
3 — —

u_Scnc _J-wf

dutsaxﬁﬂx Ji cltf_"-' Si&éi - - -

= SCx tanx - S(Sazy-") seex dx
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chcsx = seex Hanx "‘S st dx "'S seex dX
-Jsec?x dx +]sex X

stec’x dy = secxtnx + [ seest dy
Yanx+ In ls«x Hane]+C




Odd-Balls

[e]e]e] e}

Product to Sum Formulas

Theorem 15

m sin Acos B = 1[sin(A — B) + sin(A + B)]
m sin Asin B = %[cos(A — B) — cos(A + B)]
m cosAcos B = %[cos(A — B) + cos(A + B)]

Sn(A+8) = snhcosBt sinB cosA
s (A-B) = Sk csB - SiaB cush
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Using the Product to Sum Formulas

Problem 16

Compute [ sin4x cos5x dx
|
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